The interaction of arbitrarily distributed penny-shaped cracks in three-dimensional solids is analyzed in this paper. Using oblate spheroidal coordinates and displacement functions, an analytic method is developed in which the opening and the sliding displacements on each crack surface are taken as the basic unknown functions. The basic unknown functions can be expanded in series of Legendre polynomials with unknown coefficients. Based on superposition technique, a set of governing equations for the unknown coefficients are formulated from the traction free conditions on each crack surface. The boundary collocation procedure and the average method for crack-surface tractions are used for solving the governing equations. The solution can be obtained for quite closely located cracks. Numerical examples are given for several crack problems. By comparing the present results with other existing results, one can conclude that the present method provides a direct and efficient approach to deal with three-dimensional solids containing multiple cracks.
Introduction
Generally, brittle materials contain large numbers of microcracks. Due to the presence of these microcracks, the materials become weaker and less stiff. This problem is of considerable interest for researchers in the fields of solid mechanics, geophysics and materials. Comprehensive reviews on this subject are given by Kachanov [1, 2] , Nemat-Nasser and Hori [3] and Krajcinovic [4] .
In micromechanical fields, due to the complexity of the analysis of the multiple microcracks, various approximate methods have been proposed, such as the dilute or non-interacting solution, the self-consistent method (see e.g. Budiansky and O'Connell [5] ), the generalized self-consistent model (see e.g. Christensen and Lo [6] ), and the differential scheme (see e.g. Hashin [7] ) and Mori-Tanaka method (see e.g. Mori and Tanaka [8] ). In these methods, microcrack interactions are entirely neglected or indirectly accounted, which are only valid for low or moderate crack density, since locations of microcracks, and, therefore, the damage and fracture process of brittle materials are not well considered. As crack density increases and microcrack spacings are smaller, the mutual positions of cracks become important and strong interactions between microcracks should be considered. However, it is much more complicated to consider the interaction of cracks than to analyze a problem of single crack. Serious mathematical difficulties arise when we try to consider the interaction of cracks in three-dimensional solids. Due to those reasons, a relatively small number of publications concerning this kind of problems can be found from the literature.
For two coplanar penny-shaped cracks under normal loading, Collins [9] has reduced the problem to an infinite set of simultaneous linear Fredholm integral equations, which he solved approximately by iteration for the case when the distances between the cracks are large compared with their radii. A different approach was used by Andreikiv and Panasyuk [10] who reduced the problem to a finite set of integral equations, with the number of equations equal to the number of cracks, but they also managed to consider only the case of cracks far apart. An alternating method was used by O'Donoghue et al. [11] for two or three coplanar elliptical cracks under mode I loading, the results were restricted to spacings larger than one-fourth of the minor axis of the ellipse. The interactions of two parallel elliptical cracks in an infinite solid subjected to uniform tension normal to the crack surfaces were studied by Isida et al. [12] , and the smallest spacing between cracks for which numerical results were given was one-fourth of the crack diameter. Based on the superposition principle of elasticity theory and Eshelby's equivalent inclusion method, Xiao et al. [13] [14] [15] [16] studied several problems of two interacting penny-shaped or elliptical cracks in three-dimensional solid and analyzed the interaction between a spherical inhomogeneity and two coplanar penny-shaped cracks. In addition, Xiao et al. [17] also investigated the problem of a hoop-like craze formed at the equator of a spherical inhomogeneity.
Strong interactions were studied by Fabrikant [18] and Kachanov [19] . Based on Fabrikant's earlier results for a single circular crack, a new form of integral equations for the problem of coplanar cracks was proposed by Fabrikant [18] ; with the advantage that the equations are non-singular and the iteration procedure is rapidly convergent even for interactions of very closely located cracks. Three-dimensional elastic interactions of arbitrarily located and oriented penny-shaped cracks were considered by Kachanov and Laures [20] , and solutions for the stress intensity factors (SIFs) were obtained for several crack geometries. Kachanov's method is simple, and can be used for high microcrack concentrations. But in his interaction scheme, the unknown crack-surface tractions are approximated only by their averages.
In this paper, based on the basic equations of elastostatics and the oblate spheroidal coordinates, the displacement functions are expressed in Legendre polynomial series with a set of unknown coefficients for each crack. By superposition technique, using the traction free conditions on each crack surface, a set of governing equations are formulated. The boundary collocation procedure and the average method for crack-surface tractions are used for solving the governing equations. The SIFs are given for several crack geometries and compared with other available results.
Basic formulae and calculation method

Basic formulae
A single crack
The mathematical formulation of three-dimensional elastostatic problems involves an appropriate selection of harmonic functions based upon the solution of the Navier displacement equations of equilibrium. In the absence of body forces, Navier's equations become
where u i is the component of the displacement vector, µ the shear modulus, ν the Poisson ratio, λ the Lamé coefficient, and λ = 2νµ/(1 − 2ν). Using the solution of Papkovich and Neuber (Sokolnikoff [21] )
where
2.1.1.1 Normal loading Based on the work of Kassir and Sih [22] , by setting ϕ 1 = ϕ 2 = 0, ϕ 3 = ψ, ϕ 0 = ϕ, F = ϕ+zψ and ∂ϕ/∂z = (1−2ν)ψ in Eq. (3), the expressions for the corresponding displacements and stresses are
The oblate spheroidal coordinates (see Sect. 5) are used to solve three-dimensional elastic interactions of pennyshaped cracks. The harmonic function ψ must satisfy Laplace's equation (44). Its separable solution can be written as
where P m n , Q m n are the Legendre functions of the first and second kinds, respectively. It is noted that m, n must be integers (m ≤ n) in order that the Sturm-Liouville conditions are satisfied.
Since ∂ϕ/∂z
Substituting Eqs. (5) and (6) 
where u mn xc , u mn xs , . . ., σ mn xxc , σ mn xxs , . . . are the functions of ξ , η, θ , m, n. These expressions are quite lengthy, the detailed formulas are not listed in this paper due to the space limitation.
For a single interior crack subject to symmetric crack face normal loading, the boundary conditions are
According to Eq. (4), we have
Equation (8a) is satisfied automatically. When z = 0, we find
If m, n take opposite signs, P m n (η)| η=0 = 0, so that
One can easily show that
For z = 0,
Then,
Shear loading
According to the work of Kassir and Sih [22] , by setting
, the corresponding displacements and stresses are given by the following expressions
In the oblate spheroidal coordinates, because ϕ 1 and ϕ 2 are harmonic functions which satisfy Laplace's equation (see 44), they take the form
Since
Since G = 2(∂ψ 1 /∂x + ∂ψ 2 /∂y), we have
where G mn 1c , G mn 1s , G mn 2c and G mn 2s are related with ξ , η, θ , m, n.
Substituting Eqs. (15)- (19) to Eq. (14), using the MATHEMATICA Software, the components of the displacements and the stresses can be expressed as For a single interior crack subject to antisymmetric crack face shear loading, the boundary conditions are
According to Eq. (14), we have
If m, n take opposite signs, P m n (η) | η=0 = 0, so that
(24)
A set of arbitrary cracks
For a linear elastic solid with N cracks under remote loading σ 0 , the problem can be decomposed into two problems. The first problem is a homogeneous problem, in which a homogeneous solid is subjected to remote load σ 0 . The second problem can further be represented as a superposition of N subproblems. Each subproblem is a single crack problem loaded by unknown opening and sliding displacements on the crack surface and the stresses are vanished at infinity. Based on superposition technique, by using the traction free conditions on each crack surface, a set of governing equation is formulated.
A global Cartesian coordinate system (Oxyz) is used, together with a local normal-tangential coordinate system with origin (O k ) at the center of the k-th crack, represented by x ok , y ok and z ok . We let axis z k be the crack's normal direction and y k lie in the x-y parallel plane. The orientation of the k-th crack is specified by the angle coordinates (α k , γ k ) (see Fig. 1 ), where 0
The linear elastic solid is subject to remote uniform loading σ 0 , so the traction along the k-th crack surface produced by σ 0 is
k = n n n k · σ 0 · (I I I − n n n k n n n k ) are the normal and shear tractions on the k-th crack induced by σ 0 , where n n n k is the unit normal vector on the k-th crack surface, n n n k n n n k is a dyadic product.
As mentioned in Sect. 2.1.1, the displacement functions ψ, ϕ, ϕ 1 , ϕ 2 , ψ 1 and ψ 2 and the corresponding stresses σ ijk (ξ k , η k , θ k ) (i, j = x, y, z) related with the k-th Fig. 1 The global and local coordinate system crack can be expressed in Legendre polynomial series for the normal and shear loading in the local coordinate system.
According to the formulae of coordinate system transformation, the tractions along the l-th crack surface in the local coordinate system (O l x l y l z l ) produced by the k-th crack can be written as follows
where β β β kl is the matrix of coordinate system transfor-
where β β β k is the matrix of coordinate system transformation between Oxyz and O k x k y k z k .
According to the superposition scheme, the tractionfree conditions on each crack surface can be written as follows
are the tractions along the l-th crack surface in the local coordinate system (O l x l y l z l (ξ l , η l , θ l )) produced by the opening displacement loading and the sliding displacement loading on the k-th crack surface, respectively. Thus, Eqs. (29) are the governing equations for determining the unknown coefficients
Calculation procedure
Boundary collocation method
The governing equations are solved numerically on the basis of the crack surface boundary collocation method. By dividing the k-th crack surface into C k and R k elements in circumferential and axial direction, respectively, the collocation points on the k-th crack surface are given by the following expressions
The infinite series can be approximated with a sufficient degree of accuracy by the corresponding truncated series. The governing Eqs. (29) are reduced to a system of linear algebraic equations for the unknown coeffi-
When the algebraic equations are solved, the displacement functions and the stress components produced by each crack are known. According to the superposition principle, the stress fields produced by the multiple cracks are obtained through the transformation formulas from the local coordinate systems into the global one.
The stress intensity factors can be expressed as
are the pseudo-tractions produced only by the opening displacement loading and the sliding displacement loading on the l-th crack surface.
Average method of crack-surface tractions
The average method for crack-surface tractions is used to solve the governing equations by approximately satisfying the traction-free conditions on the crack surface. According to the superposition technique, the tractions on each crack surface can be written as follows
and they can be further expressed in the vector form as t t t l = t t t 
where t t t l is the traction column vector and When the first order average of crack-surface tractions is used to yield the traction-free condition on the crack surface, namely, m = 0, n = 1, the governing equation is
where symbol characterizes the average on the cracksurface. Then, the governing equations are reduced to a system of linear algebraic equations for the unknown coefficients b k 01 , d k 01 and f k 01 . By solving the algebraic equations, b k 01 , d k 01 and f k 01 can be obtained. When the second order averages of crack-surface tractions are used to yield the traction-free condition on crack surface, namely, m = 0, n = 1 and m = 0, n = 3, the governing equations are
where ρ is the polar coordinate on crack surface. Then, the governing equations are reduced to a system of 6N When the q-th order averages of crack-surface tractions are used to yield the traction-free condition on crack surface, namely, m = 0, n = 1, 3, 5, . . . , 2q − 1, the governing equations are
By solving the algebraic equations, b k 0n , d k 0n , f k 0n (n = 1, 3, 5, . . . , 2q−1) can be obtained. Further, the tractions on crack-surface and SIFs along the k-th crack edges can be calculated. This paper presents a general method to solve the interaction problem including the strong interactions of arbitrary circle cracks. The first order approximation method given by Kachanov and Laures (1989) can yield quite good results for strong interacting crack problems. Hence we only extend their results to the second, third and q-th order approximations. Meanwhile we only use the terms with m = 0, n = 1, 3, 5, . . . (while Kachanov's average method only includes m = 0 and n = 1). Obviously when some cracks are very close to each other, we should use more terms including m = 1, 2, 3, . . . and n = m + 1, m + 3, . . .. Then Eq. (38) should include other equations, for example, t t t l cos(mθ) = 0, t t t l sin(mθ) = 0, t t t l ρ cos(mθ) = 0, t t t l ρ sin(mθ) = 0, . . ., t t t l ρ q−1 cos(mθ) = 0, t t t l ρ q−1 sin(mθ) = 0 and so on. Then the calculation cost will increase greatly. From Eqs. (29) and (33), the tractions produced by the opening and sliding displacement loading on crack surface can be expressed as
The SIFs are given as (Kachanov and Laures [20] and Fabrikant [24] )
where τ * = σ * xz + iσ * yz , an overbar denotes a complex conjugate. (Fig. 2) Firstly, the first, second, third and fourth order average traction methods on crack-surface are used to calculate the stress intensity factors along the edges of two [20] and Fabrikant [18] in Tables 1 and 2 . As seen in the tables, the interaction produces a stress amplification, i.e., K I /K 0 I > 1 everywhere along the edge, which agrees with Kachanov's conclusion. The maximal error of K I /K 0 I between the present results and Kachanov's solutions is less than 0.2%when the first order average traction method is used, indicating that the present solutions are accurate enough for very closely spaced and strongly interacting cracks. The differences of the values of K I /K 0 I obtained by using the first and fourth order average traction methods are less than 0.5% at spacings 0.05 < /2a < 0.25, which indicates that the accuracy of the first order average traction method is high enough. The differences increase as the spacing decreases and become 0.98% when /2a = 0.00025. (Fig. 3) Stress intensity fractors for two coplanar crackmicrocrack interactions under normal loading are calculated by using the first and second order averages. The microcrack size is 1/20 of the main crack size. The results are given in Tables 3 and 4 , along with Kachanov's results (see e.g. Kachanov and Laures [20] ). It is observed that the present results are in good agreement with Kachanov's solutions. When the first order average is employed, the maximal error of K I /K 0 I between the present results and Kachanov's solutions is less than 0.2%. Effect of the small crack on the large one is quite slight except for the points that are closest to the small crack; effect of the large crack on the small one is quite significant at all points of the small crack edge.
Numerical examples
Two coplanar cracks under normal loading
Two coplanar cracks of equal size
Coplanar crack-microcrack interaction
Two stacked cracks in normal loading
Two stacked cracks of the same size (Fig. 4)
Stress intensity fractors of two stacked cracks of the same size in normal loading are calculated using the boundary collocation procedure. The results are presented in Table 5 , along with the solutions of other methods (see e.g. Kachanov and Laures [20] , Isida et al. [12] , etc.). As shown in the table, the interaction results not Table 3 The values of max K I /K 0 I for coplanar crack-microcrack interaction under normal loading (ν = 0.25)
/2a
Ref. [20] Present results
First order Second order
Main crack only show a shielding of the mode I SIF but also see an appearance of mode II SIF, which agrees well with the conclusion of Kachanov. When the spacing /2a between cracks is small, our results agree with Kachanov's results; and they are also in good agreement with Isida's solutions for large spacings. 
Stacked crack-microcrack interaction (Fig. 5)
The boundary collocation procedure is employed to analyze SIFs for stacked crack-microcrack interactions in normal loading. The microcrack size is 1/20 of the main crack size. The present solutions are given and compared with Kachanov's results (see e.g. Kachanov and Laures [20] ) in Table 6 . Table 7 shows that the agreement is quite good. The value of K I /K 0 I for the main crack is equal to 1 indicating that the effect of the microcrack on the main crack is negligible; and microcrack's K I /K 0 I < 1, which shows the crack-microcrack interaction produces a shielding for the microcrack.
3.3 "V" arrangement under normal loading (Fig. 6) and "H" arrangement under shear (Fig. 7) "V" arrangement under normal loading and "H" arrangement under shear are considered. SIFs are calculated by using the first order average traction method. All cracks have the same size for "V" and "H" crack configuration, respectively. The present and Kachanov's results (Kachanov and Laures [20] ) are given in Tables 7, 8 and  9 , where K 0 I , K 0 II and K 0 III are the stress intensity factors Table 7 The values of SIFs around the crack edge for "V" crack configuration (ν = 0.25) θ Ref. [20] Present results Ref. [20] Present results Ref. [20] Present results Table 8 The values of SIFs around the crack edge of crack 1 for "H" crack configuration (ν = 0.25) θ Ref. [20] Present results Ref. [20] Present results Ref. [20] Present results Table 9 The values of SIFs around the crack edge of crack 2 for "H" crack configuration (ν = 0.25) θ Ref. [20] Present results Ref. [20] Present results Ref. [20] Present results for non-interacting cracks. We can see that the agreement is quite good. For "V" crack configuration, interaction produces a noticeable mode I SIF and a relatively weak effect on K II and K III . For "H" crack configuration, the interaction results in a substantial amplification of K I for the side cracks and the median crack is mildly shielded by the side cracks. The maximal value of K II occurs at the points of the crack edge that are not the points of the smallest spacing.
Conclusions
Using oblate spheroidal coordinates and series expansions of displacement functions, an analytic method is developed to solve the problem of strong interacting and arbitrarily distributed penny-shaped cracks in threedimensional solids. The SIFs are calculated for several crack problems by using the boundary collocation procedure and the average method for crack-surface traction. When the first order average traction method is employed, our results are in good agreement with those of Kachanov [20] for several crack configurations which indicates that the present method is accurate and efficient for evaluating the SIFs. In addition, more order averages can be used in the present method. Numerical results show that the accuracy of the first order average traction method is high for large spacing; more order averages must be used for very closely spaced cracks.
Appendix Oblate spheroidal coordinates (Gladwell [23])
The oblate spheroidal coordinates ξ , η, θ are related to Cartesian coordinates x, y, z by the equations
where −1 ≤ η ≤ 1, ξ ≥ 0. The surface ξ = const, η = const are the ellipsoids and hyperboloids (of one sheet)
respectively; the surfaces ξ = 0 and η = 0 are the interior and exterior of the circle r = a, z = 0, respectively. Laplace's equation in oblate spheroidal coordinates is
which has separable solutions
where , H, satisfy
The required periodicity of (θ) and the convergence of the solutions , H require that m, n be integers so that
where P m n , Q m n are the Legendre functions of the first and second kinds, respectively, and m ≤ n. Now consider which of the combinations shown in Eq. (44) 
where b mn , c mn are coefficients.
